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 КОМПЛЕКСНЫЕ СЕТИ

СЕТЬ/ГРАФ: УЗЛЫ И СВЯЗИ 
МЕЖДУ НИМИ

СЛОЖНЫЕ (COMPLEX 
NETWORKS) - 

НЕТРИВИАЛЬНАЯ ТОПОЛОГИЯ

НЕ РЕГУЛЯРНЫЕ  И НЕ 

СЛУЧАЙНЫЕ ПАТТЕРНЫ 

СОЕДИНЕНИЯ УЗЛОВ

РАЗНООБРАЗНЫЕ

УНИВЕРСАЛЬНЫЕ СВОЙСТВА
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PROTEIN INTERACTION LOG OF USERS  SC. JOURNALS ACTIVITY
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КОМПЛЕКСНЫЕ СЕТИ
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TWITTER FOLLOWERS
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Примеры сетей

✤ Интернет и веб граф: связь между раутерами, веб ссылки

✤ Социальные сети:  дружба, общения, сотрудничество, работа

✤ Биологические сети: взаимодействие белков, сети метаболизма

✤ Семантические сети:  связь слов, понятий

✤ Коммуникационные сети:  email, skype, phone calls

✤ Технологические сети: линии электро передач, транспортые сети

✤ Бизнес,  экономические, торговые, политические сети

✤  Рекомендательные сервисы: сети музыки, фильмов, книг 
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 Свойства
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Mодели формирования сетей

✤ Случайный граф (Erdos & Renyi, 1956)

✤  Модель “малого мира” (Watts & Strogatz, 1998)

✤  Модель предпочтительного присоединения (Barabasi & Albert, 1999 ) 
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Стратегические модели
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Нахождение сообществ 
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Распространение информации
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Визуализация сетей
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“GRAPH STRUCTURE IN THE WEB” ANDREJ  BRODER, RAVI KUMAR, ET AL. 2000. 
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СТЕПЕННОЙ ЗАКОН 
РАСПРЕДЕЛЕНИЯ
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ing systems form a huge genetic network
whose vertices are proteins and genes, the
chemical interactions between them repre-
senting edges (2). At a different organization-
al level, a large network is formed by the
nervous system, whose vertices are the nerve
cells, connected by axons (3). But equally
complex networks occur in social science,
where vertices are individuals or organiza-
tions and the edges are the social interactions
between them (4 ), or in the World Wide Web
(WWW), whose vertices are HTML docu-
ments connected by links pointing from one
page to another (5, 6 ). Because of their large
size and the complexity of their interactions,
the topology of these networks is largely
unknown.

Traditionally, networks of complex topol-
ogy have been described with the random
graph theory of Erdős and Rényi (ER) (7 ),
but in the absence of data on large networks,
the predictions of the ER theory were rarely
tested in the real world. However, driven by
the computerization of data acquisition, such
topological information is increasingly avail-
able, raising the possibility of understanding
the dynamical and topological stability of
large networks.

Here we report on the existence of a high
degree of self-organization characterizing the
large-scale properties of complex networks.
Exploring several large databases describing
the topology of large networks that span
fields as diverse as the WWW or citation
patterns in science, we show that, indepen-
dent of the system and the identity of its
constituents, the probability P(k) that a ver-
tex in the network interacts with k other
vertices decays as a power law, following
P(k) ! k"#. This result indicates that large
networks self-organize into a scale-free state,
a feature unpredicted by all existing random
network models. To explain the origin of this
scale invariance, we show that existing net-
work models fail to incorporate growth and
preferential attachment, two key features of
real networks. Using a model incorporating

these two ingredients, we show that they are
responsible for the power-law scaling ob-
served in real networks. Finally, we argue
that these ingredients play an easily identifi-
able and important role in the formation of
many complex systems, which implies that
our results are relevant to a large class of
networks observed in nature.

Although there are many systems that
form complex networks, detailed topological
data is available for only a few. The collab-
oration graph of movie actors represents a
well-documented example of a social net-
work. Each actor is represented by a vertex,
two actors being connected if they were cast
together in the same movie. The probability
that an actor has k links (characterizing his or
her popularity) has a power-law tail for large
k, following P(k) ! k"#actor, where #actor $
2.3 % 0.1 (Fig. 1A). A more complex net-
work with over 800 million vertices (8) is the
WWW, where a vertex is a document and the
edges are the links pointing from one docu-
ment to another. The topology of this graph
determines the Web’s connectivity and, con-
sequently, our effectiveness in locating infor-
mation on the WWW (5). Information about
P(k) can be obtained using robots (6 ), indi-
cating that the probability that k documents
point to a certain Web page follows a power
law, with #www $ 2.1 % 0.1 (Fig. 1B) (9). A
network whose topology reflects the histori-
cal patterns of urban and industrial develop-
ment is the electrical power grid of the west-
ern United States, the vertices being genera-
tors, transformers, and substations and the
edges being to the high-voltage transmission
lines between them (10). Because of the rel-
atively modest size of the network, contain-
ing only 4941 vertices, the scaling region is
less prominent but is nevertheless approxi-
mated by a power law with an exponent
#power ! 4 (Fig. 1C). Finally, a rather large
complex network is formed by the citation
patterns of the scientific publications, the ver-
tices being papers published in refereed jour-
nals and the edges being links to the articles

cited in a paper. Recently Redner (11) has
shown that the probability that a paper is
cited k times (representing the connectivity of
a paper within the network) follows a power
law with exponent #cite $ 3.

The above examples (12) demonstrate that
many large random networks share the com-
mon feature that the distribution of their local
connectivity is free of scale, following a power
law for large k with an exponent # between
2.1 and 4, which is unexpected within the
framework of the existing network models.
The random graph model of ER (7 ) assumes
that we start with N vertices and connect each
pair of vertices with probability p. In the
model, the probability that a vertex has k
edges follows a Poisson distribution P(k) $
e"&&k/k!, where

& ! N"N " 1

k
#pk'1 " p(N"1"k

In the small-world model recently intro-
duced by Watts and Strogatz (WS) (10), N
vertices form a one-dimensional lattice,
each vertex being connected to its two
nearest and next-nearest neighbors. With
probability p, each edge is reconnected to a
vertex chosen at random. The long-range
connections generated by this process de-
crease the distance between the vertices,
leading to a small-world phenomenon (13),
often referred to as six degrees of separa-
tion (14 ). For p $ 0, the probability distri-
bution of the connectivities is P(k) $ )(k "
z), where z is the coordination number in
the lattice; whereas for finite p, P(k) still
peaks around z, but it gets broader (15). A
common feature of the ER and WS models
is that the probability of finding a highly
connected vertex (that is, a large k) decreas-
es exponentially with k; thus, vertices with
large connectivity are practically absent. In
contrast, the power-law tail characterizing
P(k) for the networks studied indicates that
highly connected (large k) vertices have a
large chance of occurring, dominating the
connectivity.

There are two generic aspects of real net-
works that are not incorporated in these mod-
els. First, both models assume that we start
with a fixed number (N) of vertices that are
then randomly connected (ER model), or re-
connected (WS model), without modifying
N. In contrast, most real world networks are
open and they form by the continuous addi-
tion of new vertices to the system, thus the
number of vertices N increases throughout
the lifetime of the network. For example, the
actor network grows by the addition of new
actors to the system, the WWW grows expo-
nentially over time by the addition of new
Web pages (8), and the research literature
constantly grows by the publication of new
papers. Consequently, a common feature of

Fig. 1. The distribution function of connectivities for various large networks. (A) Actor collaboration
graph with N $ 212,250 vertices and average connectivity *k+ $ 28.78. (B) WWW, N $
325,729, *k+ $ 5.46 (6). (C) Power grid data, N $ 4941, *k+ $ 2.67. The dashed lines have
slopes (A) #actor $ 2.3, (B) #www $ 2.1 and (C) #power $ 4.
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МАСШТАБНО ИНВАРИАНТНЫЕ 
СЕТИ

17

6

100 102 104

word frequency

100

102

104

100 102 104

citations

100

102

104

106

100 102 104

web hits

100

102

104

106 107

books sold

1

10

100

100 102 104 106

telephone calls received

100

103

106

2 3 4 5 6 7
earthquake magnitude

102

103

104

0.01 0.1 1
crater diameter in km

10-4

10-2

100

102

102 103 104 105

peak intensity

101

102

103

104

1 10 100
intensity

1

10

100

109 1010

net worth in US dollars

1

10

100

104 105 106

name frequency

100

102

104

103 105 107

population of city

100

102

104

(a) (b) (c)

(d) (e) (f)

(g) (h) (i)

(j) (k) (l)

FIG. 4 Cumulative distributions or “rank/frequency plots” of twelve quantities reputed to follow power laws. The distributions
were computed as described in Appendix A. Data in the shaded regions were excluded from the calculations of the exponents
in Table I. Source references for the data are given in the text. (a) Numbers of occurrences of words in the novel Moby Dick
by Hermann Melville. (b) Numbers of citations to scientific papers published in 1981, from time of publication until June
1997. (c) Numbers of hits on web sites by 60 000 users of the America Online Internet service for the day of 1 December 1997.
(d) Numbers of copies of bestselling books sold in the US between 1895 and 1965. (e) Number of calls received by AT&T
telephone customers in the US for a single day. (f) Magnitude of earthquakes in California between January 1910 and May 1992.
Magnitude is proportional to the logarithm of the maximum amplitude of the earthquake, and hence the distribution obeys a
power law even though the horizontal axis is linear. (g) Diameter of craters on the moon. Vertical axis is measured per square
kilometre. (h) Peak gamma-ray intensity of solar flares in counts per second, measured from Earth orbit between February
1980 and November 1989. (i) Intensity of wars from 1816 to 1980, measured as battle deaths per 10 000 of the population of the
participating countries. (j) Aggregate net worth in dollars of the richest individuals in the US in October 2003. (k) Frequency
of occurrence of family names in the US in the year 1990. (l) Populations of US cities in the year 2000.



 ЭФФЕКТ “МАЛОГО МИРА”

“THE SMALL-WORLD PROBLEM”. STANLEY MILGRAM. 1967.

 “AN EXPERIMENTAL STUDY OF THE SMALL WORLD PROBLEM”, J. TRAVERS, S. MILGRAM,  
1969
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ЭКСПЕРИМЕНТ 1969

296 VOLUNTEERS,  217 SENT 

196 NEBRASKA (1300 MILES)

100 BOSTON (25 MILES)

TARGET IN BOSTON
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vaguely ‘out there,’ on the Great Plains or somewhere.” There was little
consensus about how many links it would take to connect people from
these remote areas. Milgram himself pointed out in 1969, “Recently I
asked a person of intelligence how many steps he thought it would take,
and he said that it would require 100 intermediate persons, or more, to
move from Nebraska to Sharon.”

Milgram’s experiment entailed sending letters to randomly chosen
residents of Wichita and Omaha asking them to participate in a study
of social contact in American society. The letter contained a short
summary of the study’s purpose, a photograph, and the name and ad-
dress of and other information about one of the target persons, along
with the following four-step instructions:

HOW TO TAKE PART IN THIS STUDY

1. ADD YOUR NAME TO THE ROSTER AT THE BOT-
TOM OF THIS SHEET, so that the next person who re-
ceives this letter will know who it came from.

2. DETACH ONE POSTCARD. FILL IT OUT AND RE-
TURN IT TO HARVARD UNIVERSITY. No stamp is
needed. The postcard is very important. It allows us to keep
track of the progress of the folder as it moves toward the tar-
get person.

3. IF YOU KNOW THE TARGET PERSON ON A PER-
SONAL BASIS, MAIL THIS FOLDER DIRECTLY TO
HIM (HER). Do this only if you have previously met the
target person and know each other on a first name basis.

4. IF YOU DO NOT KNOW THE TARGET PERSON ON A
PERSONAL BASIS, DO NOT TRY TO CONTACT HIM
DIRECTLY. INSTEAD, MAIL THIS FOLDER (POST-
CARDS AND ALL) TO A PERSONAL ACQUAIN-
TANCE WHO IS MORE LIKELY THAN YOU TO
KNOW THE TARGET PERSON. You may send the folder

LINKED28
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to a friend, relative or acquaintance, but it must be someone
you know on a first name basis.

Milgram had a pressing concern: Would any of the letters make it
to the target? If the number of links was indeed around one hundred, as
his friend guessed, then the experiment would likely fail, since there is
always someone along such a long chain who does not cooperate. It was
therefore a pleasant surprise when within a few days the first letter ar-
rived, passing through only two intermediate links! This would turn out
to be the shortest path ever recorded, but eventually 42 of the 160 let-
ters made it back, some requiring close to a dozen intermediates. These
completed chains allowed Milgram to determine the number of people
required to get the letter to the target. He found that the median num-
ber of intermediate persons was 5.5, a very small number indeed—and
coincidentally, amazingly close to Karinthy’s suggestion. Round it up to
6, however, and you get the famous “six degrees of separation.”

As Thomas Blass, a social psychologist who has devoted the last fif-
teen years to in-depth research on the life and work of Stanley Milgram,
pointed out to me, Milgram himself never used the phrase “six degrees of
separation.” John Guare originated the term in his brilliant 1991 play of
that title. After an extremely successful season on Broadway, the play was
made into a movie with the same title. In the play, Ousa (played by
Stockard Channing in the movie), musing about our interconnectedness,
tells her daughter, “Everybody on this planet is separated by only six
other people. Six degrees of separation. Between us and everybody else
on this planet. The president of the United States. A gondolier in
Venice. . . . It’s not just the big names. It’s anyone. A native in a rain for-
est. A Tierra del Fuegan. An Eskimo. I am bound to everyone on this
planet by a trail of six people. It’s a profound thought. . . . How every per-
son is a new door opening up into other worlds.”

Milgram’s study was confined to the United States, linking people
“out there” in Wichita and Omaha to “over here” in Boston. For
Guare’s Ousa, however, six degrees applied to the whole world. Thus a
myth was born. Because more people watch movies than read sociology
papers, Guare’s version has prevailed in popular thought.

Six Degrees of Separation 29
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NAME, ADDRESS, OCCUPATION, JOB, HOMETOWN



ЭКСПЕРИМЕНТ 1969

 REACHED THE TARGET  N = 64,  29%

AVE CHAIN LENGTH <L> = 5.2

CHANNELS:

HOMETOWN <L> = 6.1

 BUSINESS CONTACTS <L> = 4.6

LOCATION:

BOSTON <L> = 4.4

NEBRASKA <L> = 5.7
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DEMONSTRATED THE FEASIBILITY 
OF  “SMALL WORLD”

INTERCONNECTEDNESS IN LARGE 
SOCIETY



SIX DEGREES OF SEPARATION

ТЕОРИЯ ШЕСТИ РУКОПОЖАТИЙ

DUNCAN WATTS,  2001, EMAIL,  48,000 SENDERS,  <L> ~ 6 

JURE LESKOVEC AND ERIC HORVITZ, 2007, MSN MESSENGER  240 MLN USERS,  
< L> = 6.6 USERS

YAHOO, 2011, “YAHOO RESEARCH SMALL WORLD EXPERIMENT” ON FACEBOOK :) 
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GRAPH DIAMETER     D
AVE PATH LENGTH <L>

LOTHAR KREMPEL, CO-AUTHORSHIP NETWORK

http://en.wikipedia.org/wiki/Eric_Horvitz
http://en.wikipedia.org/wiki/Eric_Horvitz


ПРОСТОЙ ПРИМЕР
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6 26 106

У КАЖДОГО D ДРУЗЕЙ
D^K = N

K = LOG N/LOG D
6  МЛРД

50ДРУЗЕЙ
K~ 5.8

CAYLEY TREE (MOORE GRAPH)



Статистика
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Table 3.1 Basic statistics for a number of published networks. The properties measured are as follows: total number of vertices n; total number of edges m;
mean degree z; mean vertex–vertex distance !; type of graph, directed or undirected; exponent " of degree distribution if the distribution follows a
power law (or “–” if not; in/out-degree exponents are given for directed graphs); clustering coe!cient C(1) from (3.3); clustering coe!cient C(2)

from (3.6); degree correlation coe!cient r, section 3.6. The last column gives the citation for the network in the bibliography. Blank entries indicate
unavailable data.

Network Type n m z ! " C(1) C(2) r Ref(s).

So
ci

al

film actors undirected 449 913 25 516 482 113.43 3.48 2.3 0.20 0.78 0.208 [20, 415]
company directors undirected 7 673 55 392 14.44 4.60 – 0.59 0.88 0.276 [105, 322]
math coauthorship undirected 253 339 496 489 3.92 7.57 – 0.15 0.34 0.120 [107, 181]
physics coauthorship undirected 52 909 245 300 9.27 6.19 – 0.45 0.56 0.363 [310, 312]
biology coauthorship undirected 1 520 251 11 803 064 15.53 4.92 – 0.088 0.60 0.127 [310, 312]
telephone call graph undirected 47 000 000 80 000 000 3.16 2.1 [8, 9]
email messages directed 59 912 86 300 1.44 4.95 1.5/2.0 0.16 [136]
email address books directed 16 881 57 029 3.38 5.22 – 0.17 0.13 0.092 [320]
student relationships undirected 573 477 1.66 16.01 – 0.005 0.001 !0.029 [45]
sexual contacts undirected 2 810 3.2 [264, 265]

In
fo

rm
at

io
n WWW nd.edu directed 269 504 1 497 135 5.55 11.27 2.1/2.4 0.11 0.29 !0.067 [14, 34]

WWW Altavista directed 203 549 046 2 130 000 000 10.46 16.18 2.1/2.7 [74]
citation network directed 783 339 6 716 198 8.57 3.0/– [350]
Roget’s Thesaurus directed 1 022 5 103 4.99 4.87 – 0.13 0.15 0.157 [243]
word co-occurrence undirected 460 902 17 000 000 70.13 2.7 0.44 [119, 157]

T
ec

hn
ol

og
ic

al

Internet undirected 10 697 31 992 5.98 3.31 2.5 0.035 0.39 !0.189 [86, 148]
power grid undirected 4 941 6 594 2.67 18.99 – 0.10 0.080 !0.003 [415]
train routes undirected 587 19 603 66.79 2.16 – 0.69 !0.033 [365]
software packages directed 1 439 1 723 1.20 2.42 1.6/1.4 0.070 0.082 !0.016 [317]
software classes directed 1 377 2 213 1.61 1.51 – 0.033 0.012 !0.119 [394]
electronic circuits undirected 24 097 53 248 4.34 11.05 3.0 0.010 0.030 !0.154 [155]
peer-to-peer network undirected 880 1 296 1.47 4.28 2.1 0.012 0.011 !0.366 [6, 353]

B
io

lo
gi

ca
l metabolic network undirected 765 3 686 9.64 2.56 2.2 0.090 0.67 !0.240 [213]

protein interactions undirected 2 115 2 240 2.12 6.80 2.4 0.072 0.071 !0.156 [211]
marine food web directed 135 598 4.43 2.05 – 0.16 0.23 !0.263 [203]
freshwater food web directed 92 997 10.84 1.90 – 0.40 0.48 !0.326 [271]
neural network directed 307 2 359 7.68 3.97 – 0.18 0.28 !0.226 [415, 420]


