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Hidden Markov Model

HMM formal definition
Desrete states S = (S1S2...SN)

Observable signals O = (O1O2...OT )

Transion probabilities matrix AN×N , Aij = P(qt+1 = Sj |qt = Si )

Emmision probabilities matrix BM×N , Bij = bi (Oj) = P(Oj |qt = Si )

Initial states vector π, πi = P(q1 = Si )

HMM Model λ = (A,B, π)

Leonid Zhukov (HSE) Lecture 2 14.11.2013 2 / 21



Three fundamental problems in HMM

1 The Evaluation problem.
Given:

Observable sequence O = O1O2O3...OT

model λ = (A,B, π)

Find: P(O|λ)

2 The Decoding problem.
Given:

Observable sequence O = O1O2O3...OT

model λ = (A,B, π)

Find: Q∗ = q1q2q3..qT = arg maxQ P(Q|O, λ)

3 The Learning problem (training).
Given:

Observable sequence O = O1O2O3...OT

Find: λ∗ = arg maxλ P(O|λ)
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The Evaluation problem

Given:λ = (A,B, π) and O = O1O2O3...OT

Find: P(O|λ)

All possible sequences of states Q = Q1Q2Q3...QT

P(O|λ) =
∑
Q

P(O|Q, λ)P(Q|λ)

P(Q|λ) = πq1aq1q2aq2q3 ...aqT−1qT

P(O|Q, λ) = P(O1|q1, λ)P(O2|q2, λ)..P(OT |qT , λ) =

= bq1(O1)bq2(O2)...bqT (OT )

P(O|λ) =
∑

q1,..qT

πq1bq1(O1)bq2(O2)...bqT (OT )aq1q2aq2q3 ...aqT−1qT =

=
∑

q1,..qT

πq1bq1(O1)aq1q2bq2(O2)aq2q3 ...aqT−1qT bqT (OT )
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The Evaluation problem

Two MC states example
One time step:

P(O1) = π1b1(O1) + π2b2(O1)

Two time steps:

P(O1O2) = π1b1(O1)a11b1(O2) +

π1b1(O1)a12b2(O2) +

π2b2(O1)a22b2(O2) +

π2b2(O1)a21b1(O2)

Three time steps:

P(O1O2O3) = π1b1(O1)a11b1(O2)a11b1(O3) +

π1b1(O1)a12b2(O2)a22b2(O3) +...
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Computational Complexity: O(2T · NT )
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Forward algorithm

Partial observation sequence O1...Ot that terminates at state Si
αt(i) = P(O1,O2...Ot , qt = Si |λ), t ≤ T , 1 ≤ i ≤ N

then

α1(j) = P(O1, q1 = Sj |λ) = πjbj(O1)

α2(j) = P(O1,O2, q2 = Sj |λ) =

[∑
i

α1(i)aij

]
bj(O2)

α3(j) = P(O1,O2,O3, q3 = Sj |λ) =

[∑
i

α2(i)aij

]
bj(O3)

αt+1(j) =

[∑
i

αt(i)aij

]
bj(Ot+1)

P(O|λ) =
∑

i P(O, qT = Si |λ) =
∑

i αT (i)
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Forward-backward algorithm

Forward procedure:
Let αt(i) = P(O1,O2...Ot , qt = Si |λ), t ≤ T

1 α1(i) = πibi (O1)

2 αt+1(j) = bj(Ot+1)
∑

i αt(i)aij

3 P(O|λ) =
∑N

i=1 αT (i)

Backward procedure:
Let βt(i) = P(Ot+1...OT |qt = Si , λ), t ≤ T

1 βT (i) = 1

2 βt(i) =
∑N

j=1 aijbj(Ot+1)βt+1(j)

3 P(O|λ) =
∑N

i=1 β1(i)πibi (01)

Complexity O(N2T )
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Forward-backward algorithm

Algorithm:Forward

Input: λ(A,B, π), O = (o1, ..oT )

Output: P(O|λ)

α1(i) = πibi (O1)

for j = 1 : N, t = 1 : T − 1 do
αt+1(j) = bj(Ot+1)

∑
i αt(i)aij

end

P(O|λ) =
∑N

i=1 αT (i)
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Forward-backward algorithm

Algorithm:Backward

Input: λ(A,B, π), O = (o1, ..oT )

Output: P(O|λ)

βT (i) = 1
for j = 1 : N, t = T − 1 : 1 do

βt(i) =
∑N

j=1 aijbj(Ot+1)βt+1(j)

end

P(O|λ) =
∑N

i=1 β1(i)πibi (O1)
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Forward-backward algorithm

forward variable
αt(i) = P(O1,O2...Ot , qt = Si |λ)
backward variable
βt(i) = P(Ot+1...OT |qt = Si , λ)

Then:
αt(i)βt(i) = P(O1,O2...Ot ,Ot+1...OT , qt = Si |λ) = P(O, qt = Si |λ)

and
P(O|λ) =

∑
i P(O, qt = Si |λ) =

∑
i αt(i)βt(i)
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Forward-backward algorithm

Algorithm:Forward-backward

Input: λ(A,B, π), O = (o1, ..oT )

Output: P(O|λ)

compute αt(i)
compute βt(i)
P(O|λ) =

∑
i αt(i)βt(i)
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The Decoding problem

Given: λ = (A,B, π) and O = O1O2O3...OT

Find: Q∗ = q1q2q3..qT = arg maxQ P(Q|O, λ)

Select one from all possible sequences of states Q = Q1Q2Q3...QT
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The Viterbi algorithm

Find the highest probability that partial observation and state sequences up
to time t can have, when terminates at Si .
δt(i) = maxq1,q2,..qt−1P(O1, ..Ot−1, q1, .., qt = Si |λ)

δ1(j) = πjbj(O1)

δ2(j) = max
q1,q2

P(O1,O2, q2 = Sj |λ) = max
i
{δ1(i)aij}bj(O2)

δ3(j) = max
q1,q2,q3

P(O1,O2,O3, q3 = Sj |λ) = max
i
{δ2(i)aij}bj(O3)

δt+1(j) = max
i
{δt(i)aij}bj(Ot+1)

q∗ = arg maxj
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The Viterbi algorithm

Algorithm: Viterbi

Input: λ(A,B, π), O = (o1, ..oT )

Output: Q = (q1...qT )

δ1(i) = πibi (O1)
ψ1(i) = 0
for j = 1 : N, t = 1 : T − 1 do

δt+1(j) = maxi{δt(i)aij}bj(Ot+1)
ψt+1(j) = arg max{δt(i)aij}

end
q∗T = arg maxi{δT (i)}
for t = T − 1 : 1 do

q∗t = ψt+1(q∗t+1)

end
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The Learning problem

Given: O = O1O2O3...OT

Find: λ∗ = arg maxλ P(O|λ), λ = (A,B, π)

forward variable
αt(i) = P(O1,O2...Ot , qt = Si |λ)
backward variable
βt(i) = P(Ot+1...OT |qt = Si , λ)
P(O, qt = Si |λ) = αt(i)βt(i)
P(O|λ) =

∑
i αt(i)βt(i)

P(O, qt = Si |λ) = P(qt = Si |O, λ)P(O|λ)
probability to visit state i at t

γt(i) = P(qt = Si |O, λ) =
P(O, qt = Si |λ)

P(O|λ)
=

αt(i)βt(i)∑
i αt(i)βt(i)
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The Baum-Welch algorithm

transition i → j : probability to visit state i at t and j at t + 1

ζt(i , j) = P(qt = Si , qt+1 = Sj |O, λ) =
P(O, qt = Si , qt+1 = Sj |λ)

P(O|λ)
=

=
αt(i)aijbj(Ot+1)βt+1(j)∑

i

∑
j αt(i)aijbj(Ot+1)βt+1(j)

[γt(i) =
∑

j ζt(i , j)]
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The Baum-Welch algorithm

∑T
t=1 γt(i) - expected number of times being state i∑T
t=1,ot=k γt(i) - expected number of times being state i and

observing symbol Ok

ni =
∑T−1

t=1 γt(i) - expected number of transitions from i

nij =
∑T−1

t=1 ζt(i , j) - expected number of transitions from i to j

Estimations:

π̄i = γ1(i)

āij =
nij
ni

=

∑T−1
t=1 ζt(i , j)∑T−1
t=1 γt(i)

b̄j(k) =

∑T
t=1,ot=k γt(i)∑T

t=1 γt(j)

EM type maximization of P(O|λ) =
∑

i αt(i)βt(i)
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The Baum-Welch Algorithm

Algorithm:Baum-Welch

Input: O = (o1, ..oT )

Output: λ = (A,B, π)

set intitial random values A,B, π
compute αt(i), βt(i), γt(i), ζt(i , j)

while
∑

i αt(i)βt(i) increasing do

πi ← γ1(i)

aij ←
∑T−1

t=1 ζt(i , j)∑T−1
t=1 γt(i)

bj(k)←
∑T

t=1,ot=k γt(i)∑T
t=1 γt(j)

end
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The dishonest casino
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