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Monte Carlo integration

Numerical method to compute high dimensional integrals∫ ∫
...
∫
f (x1...xn)dx1...dxn

Rectangular, Trapzoidal, Simpson’s rule..
Numerical integration using random numbers (samples)

Compute I =
∫ b
a f (x)dx
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Monte Carlo integration

Expectation value Ep[z ] =
∫
zp(z)dz = limn→∞

1
n

∑n
1 zi ≈

1
n

∑n
1 zi

Integral I =
∫
f (x)dx =

∫
f (x) · 1 dx = E1[f (x)] ≈ 1

n

∑n
1 f (xi )

Split f (x) = g(x)p(x), where p(x) - PDF, then
I =

∫
f (x)dx =

∫
g(x)p(x)dx = Ep(x)[g(x)] ≈ 1

n

∑n
i g(xi )

need to be able to generate random samples
from complex p(x) distributions
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Metropolis-Hastings algorithm

Metropolis 1953/ Hastings 1970
Draw samples from any probability distribution P

Idea: construct Markov Chain (transition matrix P)
with π(x) = p(x) stationary distribution π = πP

Run the chain, generate random samples x0, x1, x2...
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Detailed balance

Ergodic Markov Chain
Sufficient condition for π to be stationary distribution

reversibility condition
πiPij = πjPji∑

i πiPij =
∑

i πjPji = πj
∑

i Pji = πj

πP = π - stationary distribution
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Continuous time and space Markov chains

DTDS
pj(n)

Pij∑
j Pij = 1

pj(n + 1) =
∑

i Pijpi (n)

πj =
∑

i Pijπi

πiPij = πjPji

CTCS
x(t)

Q(x , y)∫
Q(x , y)dy = 1

pt+1(x) =
∫
Q(x , y)pt(y)dy

π(x) =
∫
Q(x , y)π(y)dy

π(x)Q(x , y) = π(y)Q(y , x)
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Transition matrix construction

Need to find P(x , y) such that π(x)P(x , y) = π(y)P(y , x)
Look for P(x , y) = α(x , y)Q(x , y)
Q(x , y) - "candidate"desity, 0 ≤ α(x , y) ≤ 1

1 if π(x)Q(x , y) = π(y)Q(y , x), then α(x , y) = α(y , x) = 1, P ≡ Q

2 if π(x)Q(x , y) > π(y)Q(y , x), choose α(y , x) = 1

Then π(x)P(x , y) = π(x)α(x , y)Q(x , y) =
= π(y)α(y , x) Q(y , x) = π(y)Q(y , x)

α(x , y) =
π(y)Q(y , x)

π(x)Q(x , y)

3 if π(x)Q(x , y) < π(y)Q(y , x), choose α(x , y) = 1

α(y , x) =
π(x)Q(x , y)

π(y)Q(y , x)

Leonid Zhukov (HSE) Lecture 5 05.12.2013 7 / 1



Transition matrix construction

P(x , y) = α(x , y)Q(x , y)
α(x , y) - probability of a "forward move"
α(y , x) - probability of "reverse move"

Metropolis-Hastings:

α(x , y) = min

[
π(y)Q(y , x)

π(x)Q(x , y)
, 1

]
Metropolis (symmetric Q(x , y) = Q(y , x))

α(x , y) = min

[
π(y)

π(x)
, 1

]
if π(y) < π(x), move x → y with probability π(y)/π(x)
if π(y) > π(x), move x → y with probability 1
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Metropolis-Hastings algoritm

Algorithm: Metropolis-Hastings

Input: P(x),Q(x , y),N
Output: {x0, x1, ...xN}
initialize x0, n = 0

while n < N do
x∗ ← Q(xn, x

∗)

α(xn, x
∗) = P(x∗)Q(x∗,xn)

P(xn)Q(xn,x∗)

u ← U(0, 1)

if u ≤ α(x∗, xn) then
xn+1 = x∗

else
xn+1 = xn

n = n + 1

return {x0, x1, ...xN}
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Random walk

Proposal distribution Q(x , y)

Metropolis - symmetric: Q(x , y) = Q(y , x), for example Gaussian
(normal) distribution centered at x :

N (y |x , σ) =
1√
2πσ

e−
(y−x)2

2σ2

then α(x , y) = P(y)
P(x)

Sample sequence is random walk y = x + z , z ∼ N (0, σ)
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MCMC convergence
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Sample traces

poor mixing chain

well mixing chain
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Convergence diagnostics

Autocorrelation sequence (x1, ...xn) k-th order aurocorrelation

ρk =

∑n−k
t=1 (xt − x̄)(xt+k − x̄)∑n−k

t=1 (xt − x̄)2
, x̄ =

1

n

n∑
t=1

xt

Partial k-th autocorrelation as a function of lag
Geweke z-score test
split sample first 10%, last 50%

at stationary means are equal, z-test. zscore > 2 still drifting

Zscore =
µ1 − µ2

σ
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