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Community detection algorithms

Global methods (divisive):
Sparse cuts: min cut, normalized cut, min conductance
Modularity optimization: spectral, direct
Heuristics: edge betweenness
Randomized cuts

Local methods: random walks
Flat clustering and hierarchical clustering
Hierachical clustering: top down, bottom up
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Hierachical communities

Schaeffer, 2007
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Community detection algorithms

Fortunato, 2010
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Graph clustering

Similarity based clustering
Vertex structural equivalence (blockmodeling)
Vertex approximate equivalence

Cosine similarity (vectors in n-dim space)

σ(vi , vj) = cos(vi , vj) =
vivj

||vi ||||vj ||
=

∑
k AikAkj√∑

AikAki

√∑
AjkAkj

=
nij√
kikj

Jaccard similarity

J(vi , vj) =
|N (vi ) ∩N (vj)|
|N (vi ) ∪N (vj)|
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Graph clustering

Graph Similarity matrix
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Graph clustering

Clustering algorihtms based on vertex similarity
Agglomerative clustering
k-means
Spectral clustering etc
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Graph cores
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Graph cores

Definition
A k-core is the largest subgraph such that each vertex is connected to at
least k others in subset

Every vertex in k-core has a degree ki ≥ k
(k + 1)-core is always subgraph of k-core
Batagelj, 2003
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Finding k-cores

The core number of a vertex is the highest order of a core that
contains this vertex
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Finding k-cores

Algorithm: Core decomposition

Input: graph G(V,E)
Output: core[v ] - core number for each vertex
compute deg[v];
sort V : deg [vi+1] ≥ deg [vi ];
for each v ∈ V do

core[v ] = degree[v ];
for each u ∈ NN(v) do

if deg [u] > deg [v ] then
deg [u] = deg [u]− 1;
sort V

end
end

end
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k-cores in real networks

Zhukov, 2005 k-cores: k = 2,5,10,15,20,31
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Communities in real netwroks

Leskovec et al, 2008
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Graph cliques

Definition
A clique is a complete subgraph, i.e. a set of elements where each pair of
elements is connected.

Finding click of fixed given size k - O(nkk2)
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Graph cliques

A maximal clique is a clique that cannot be extended by including one
more adjacent vertex (not included in larger one)
A maximum clique is a clique of the largest possible size in a given
graph - O(3n/3)
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Network motifs

Definition
Network motifs are subgraphs that appear more frequently in a real
network than could be statistically expected (compare to random network)

Milo et. al, 2002
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Network motifs

Triads - three node connected subgraphs:

More complicated motifs:

Ribeiro, 2011, Shen-Orr, 2002
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Network motifs

Motif discovery algorithms:
calculate the number of occurences of a sub graph
evaluate the significance

For G ′ subgraph (motif candidate) of G ,

Zscore(G
′) =

FG (G
′)− µR(G ′)

σR(G ′)

R - random graph, µ - mean frequency, σ-standard deviatiom

Leonid E. Zhukov (HSE) Lecture 9 10.03.2014 18 / 22



Network motifs

S. Omidi, 2009
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Network motifs

Ribeiro, 2011, Milo, 2002
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Network motifs

Milo 2004
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