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Lecture outline

@ Probabilistic model
@ S| model
@ SIS model
@ SIR model

© Stochastic modeling

© Experimental results
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Probabilistic model

@ network of potential contacts (adjacency matrix A)

@ probabilistic model (state of a node):
si(t) - probability that at t node i is susceptible
xi(t) - probability that at t node i is infected
ri(t) - probability that at t node i is recovered

@ (3 - infection rate (probably to get infected on a contact in time dt)
~ - recovery rate (probability to recover in a unit time dt)

@ from deterministic to probabilistic description
@ connected component - all nodes reachable

@ network is undirected (matrix A is symmetric)
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Probabilistic model
Two processes:

Pine = si(t) | 1= [ (1= Bx(t)5t) | = Bsi(t) D x(t)de

JEN(i) JEN (i)

@ Node infection:

@ Node recovery:

Leonid E. Zhukov (HSE) Lecture 13 07.04.2015 4 /28



S| model

@ S| Model
S—1

@ Probabilities that node i: s;(t) - susceptible, x;(t) -infected at t
xi(t) +si(t) =1
@ [ - infection rate, probability to get infected in a unit time
xi(t+6t) = xi(t) + Bsi > Ayxdt

J

@ infection equations

dxc')gt) = Psi(t) Z Ajjx;(t)

xi(t) + si(t)=1

Leonid E. Zhukov (HSE) Lecture 13 07.04.2015



S| model

o Differential equation

dx,( )

= B(1—x(t )ZAUXJ

@ early time approximation, t — 0, x;(t) <1

dx,
=B Z Ajjxj
dx(t)
= BAx(t
D~ sax(t)
@ Solution in the basis
AVk = )\kvk

= Z ak(t)vk
k
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S| model

@ Solution

0 t—0, Mpax = A1 > Mg

x(t) =wv; Mt

© growth rate of infections depends on A\
@ probability of infection of nodes depends on v , i.e vy;
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S| model

@ late- time approximation, t — oo, x;(t) — const

dX,'(t) o ' o
A0 _ 51— x(e) Y Ay = 0

Ax £ 0 since Apin 70, 1 — x;(t) = 0
@ All nodes in connected component get infected t — 0o x;(t) — 1

@ Connected component structure and distribution. Does initially
infected node belong to GCC?
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S| model

Fraction of population

image from M. Newman, 2010
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SIS model

@ SIS Model
S—I1—S

@ Probabilites that node i: s;j(t) - susceptable, x;(t) -infected at t
xi(t) +si(t) =1

@ [ - infection rate, - recovery rate

@ infection equations:

dX,'(t) o ' '
P = le(t);AUXJ(t)_'YXI

xi(t) + si(t)=1
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SIS model

o Differential equation

A — 51— x() Y A — v

@ early time approximation, x;(t) < 1

dx,
ZAUXJ X
dx,
BZ ij X
dx(t)

;
e = A= CNx()

dx(t)
dt
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SIS model

o Eigenvector basis

MV, = M., M:A—(%)I, Av) = A\

’ / Y
Vk = Vi, k:>\k—*

8

@ Solution

X
—
~
~
Il
LS
=
—
~
~
<
x~~
Il

Z k(0 Mt = Z a(0)vyelPA=)t
K

k k

° >\1 Z )\k, CritiCBl: B)\l =7
Aif AL >, x(t) = vielPTI - growth
-if A1 <7y, x(t) — 0 - decay
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SIS model

Epidemic threshold Ry:

o if % < Ry - infection dies over time

o if g > Ry - infection survives and becomes epidemic

In SIS model:
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SIS model

long time t — oc:

e x;(t) — const

dX,'(t)
e B(1 —X,')ZA,'J'XJ' —yx; =0
J
Zj Aijxj

Xi= 57— —
L A
@ Above the epidemic threshold (5/v > Rp)
-if B>, xi(t) = 1
-if B~y xig =30 A, then Ay = 4, xi(t) — (v1);
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SIR model

@ SIR Model
S—I1—R

@ probabilities s;(t) -susceptable , x;(t) - infected, r;(t) - recovered
si(t) + xi(t) + ri(t) =1

@ [ - infection rate, y - recovery rate

@ Infection equation:

dx;

ar = ﬂSiZAinj - VXi
J

dr,-

=L =

dt 7

X,'(t) —+ S,'(t) + r,-(t) =1
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SIR model

o Differential equation

dx;(t
—dg ) _ BL—ri—x) Y Ajxj — %
J
o early time, t — 0, r; ~ 0, SIS = SIR
dx;(t
df: ) B(L—x1) Y Aixj — i

J

@ Solution
x(t) ~ vle(/gkl_'y)t
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SIR model

Probability

Time 1

image from M. Newman, 2010
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SIS simulaiton

@ Every node at any time step is in one state {S,/}
@ Initialize ¢ nodes in state /
@ Each node stays infected 7, = [; 7" "7d7 = 1/~ time steps

@ On each time step each / node has a prabability 8 to infect its
nearest neighbours (NN), S — /

© After 7, time steps node recovers, | — S

\@@ \

image from D. Easley and J. Kleinberg, 2010
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SIR simulation

@ Every node at any time step is in one state {S,/, R}
@ Initialize ¢ nodes in state /
@ Each node stays infected 7., = 1/ time steps

@ On each time step each | node has a prabability 5 to infect its
nearest neighbours (NN), S — /

© After 7, time steps node recovers, | — R
O Nodes R do not participate in further infection propagation
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SIR simulation

image from D. Easley and J. Kleinberg, 2010
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Stochastic modeling

Nurnber Infected

Time
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SIR epidemics as percolation

Bond percolation: only those nodes that are on a percolation path with
infected node will get infected
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5 Networks, SIR

Networks: 1) random, 2) lattice, 3) small world, 4) spatial, 5) scale-free
image from Keeling et al, 2005
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5 Networks, SIR
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Networks: 1) random, 2) lattice, 3) small world, 4) spatial, 5) scale-free

Keeling et al, 2005
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Effective distance

J. Manitz, et.al. 2014, D. Brockman, D. Helbing, 2013
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Network synchronization, SIRS
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Small-world network at different values of disorder parameter p

Kuperman et al, 2001
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Flu contagion

2009-09-23 : 2009-10-08 : 2009-10-23

2009-11-08 : 2009-11-23 : 2009-12-08

N. Christakis, J. Fowler, 2010
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