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Lecture outline

@ Graph paritioning
@ Metrics
@ Algorithms

© Spectral optimization
@ Min cut
@ Normalized cut
@ Modularity maximization

e Multilevel spectral
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Network Communities

@ graph density

B m
P = h(n—1)/2
e community (cluster) density
mc
in C) =
Oine(C) ne(nc —1)/2

external edges density

Mex
Sext(C) = _ lext

community (cluster): dinr > p, dext < p

cluster detection

max(éint - 5ext)
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Community detection

Consider only sparse graphs m < n?

Each community should be connected

Combinatorial optimization problem:

- optimization criterion

- optimization method

Exact solution NP-hard

(bi-partition: n = ny + na, n!/(n1!n2!) combinations)

Solved by greedy, approximate algorithms or heuristics

Recursive top-down 2-way partition, multiway partiton

Balanced class partition vs communities
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Graph cut
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Optimization criterion: graph cut

Graph G(E, V) partition: V =V, + V,

@ Graph cut
Q= cut( V1, V2) = Z ejj
i€V1,jEV2
@ Ratio cut:
Q= cut( Vi, V2) cut(Vl, V2)
[[VAll [ V2]
@ Normalized cut:
Q= Cut( Vi, V2) cut(Vl, V2)

Vol(V4) Vol(Va)
@ Quotient cut (conductance):

B cut(Vi, Vo)
~ min (Vol(V), Vol(V2))

where: Vol(V1) = Zievl,jev ej = Zievl k;
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Optimization methods

o Greedy optimization:
— Local search [Kernighan and Lin, 1970], [Fidducia and Mettheyses,
1982]

@ Approximate optimization:
— Spectral graph partitioning [M. Fiedler, 1972], [Pothen et al 1990],
[Shi and Malik, 2000]
— Multicommodity flow [Leighton and Rao, 1988]

@ Heuristics algorithms:
— Multilevel graph partitioning (METIS) [G. Karypis, Kumar 1998]

@ Randomized algorithms:
—Randomized min cut [D. Karger, 1993]
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@ Let V = VT + V~ be partitioning of the nodes

o Lets = {+1,—1,+1,... — 1,+1}7 - indicator vector
-1 -1 +1 +1 +1
@ L L ® ®

s(i):{—i—l: if v(i)e Vvt

—1: if v(i)e V™
o Number of edges, connecting VT and V—
cut(V*F, V- Z(s i) —s(j))? ZA,J(S —s(j))? =
e(IJ
= D idys(i)? — Ags(i)s) = 3 Y- (ki — Ap)s(s)
IN] 1J

cwt(V, V) =+ 32(D5 — Ay)s(i)s(i)
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o Graph Laplacian: Lj = Djj — Aj;, where Dj; = diag(k;)

k(i) , ifi=j
Lj= =1, if 3 e(i,))
0, otherwise

@ Laplacian matrix 5x5:
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o Graph Laplacian: L=D — A
o Graph cut:
T
s'Ls
S) =
Q) =,
@ Minimal cut:
min Q(s)
S
o Balanced cut constraint:
> s(i)=0
i
@ Integer minimization problem, exact solution is NP-hard!
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Spectral method - relaxation

Discrete problem — continuous problem

Discrete problem: find
. 1 T
msln(zs Ls)
under constraints: s(i) = £1, >, s(i) = 0;

@ Relaxation - continuous problem: find

1
mxin(ZxTLx)

under constraints: >_.x(i)2 =n, > ;x(i) =0

Given x(i), round them up by s(i) = sign(x(/))

Exact constraint satisfies relaxed equation, but not other way around!
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Spectral method - computations

e Constraint optimization problem (Lagrange multipliers):

Q(x) = %XTLX ~Mx"x—n), x"e=0

Eigenvalue problem:
Lx=Xx, xle

Solution:

Q(x;) = gA,-

First (smallest) eigenvector:

Le=0, A=0, x3=e¢e

Looking for the second smallest eigenvalue/eigenvector A» and x;
Minimization of Rayleigh-Ritz quotient:
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Spectral graph theory

A1 =0
Number of \; = 0 equal to the number of connected components

0< <2
A2 = 0, disconnected graph
A2 =1, totally connected

Graph diameter (longest shortest path)

4
D = —
() >= 1+,
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Spectral graph partitioning algorithm

Algorithm: Spectral graph partitioning - normalized cuts

Input: adjacency matrix A

Output: class indicator vector s
compute D = diag(deg(A));
compute L=D — A;

solve for second smallest eigenvector:
min cut: Lx = \x;

normalized cut : Lx = ADx;

set s = sign(xz)
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Example

Eigenvalues

eigenvalue
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Example

2nd eigenvector

ez

vertex
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Example

2nd eigenvector

ez

vertex
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Spectral ordering

@ Compute the eigenvector x» corresponding to Ao
@ Sort eigenvector xp and retain permutation vector p, x2(p(/)) - sorted

@ Permute columns and rows of A according to “new” ordering, A(p, p)

o Since > »(x(i) — x(j))? is minimized =
there are few edges connecting distant x(/) and x(j)
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Optimization criterion: graph cut

o Graph cut
Q= cut(Vl, V2) = z €ij
ieVijeVs
@ Ratio cut:
Q= cut( Vi, V2) cut( Vi, V2)
[[VAll V2|
@ Normalized cut:
Q= cut( Vi, V2) cut( Vi, V2)

Vol(V4) Vol(V5)
@ Quotient cut (conductance):

B cut(Vq, Vo)
~ min (Vol(V1), Vol(V,))
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Cut metrics

1 . . .
3

Graph cut metrics

reut
co
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Optimization criterion: modularity

o Modularity:

1 kikj
w2 (45 5 ) 0e9)
where n. - number of classes and
1 if g=g¢
d(ci,¢) = { 0: if 4G kronecker delta

[Maximization!]
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Spectral modularity maximization

@ Direct modularity maximization for bi-partitioning, [Newman, 2006]

@ Let two classes c; = VT, o = V~, indicator variable s = +1

1
é(ciy ) = E(Sisj +1)

o Modularity
1 kikj
Q:4mZ<AU_2m>(’J+ ZBUS’SJ
ij
where Lk
Bj = Aj— —-
y y o'm

M. Newman, 2006
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Spectral modularity maximization

@ Qudratic form:

1
Q(s) = —s'Bs
(s) 4m
o Integer optimization - NP, relaxation s = x, x € R
o Keep norm [|x|[2 =Y x> =x"x=n

Quadratic optimization

Q(x) = %xTBx —Ax"x—n)

@ Eigenvector problem
BX,' = )\;X,’
@ Approximate modularity
n
Xj) = 7)\,‘
Qxi) 4m

@ Modularity maximization - largest A = \pax
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Spectral modularity maximization

@ Can’t choose s = xk, can select optimal s

@ Decompose in the basis: s = Zj ajxj, where a; = xJTs

o Modularity
1 7 1 RV
Qs) =, s'Bs= Z(X; s)°Ai
e max Q(s) reached when A\; = A\pax and max xi’—s = Zj X1jSj
@ Choose s as close as possible to x, i.e. maxs(s’x) = maxs, » SiXi:
ss=+1,ifx; >0
s;=-—1,if x; <0

e Choose s || x1, s = sign(x1)

Leonid E. Zhukov (HSE) Lecture 9 10.03.2015 28 / 36



Modularity maximization

Algorithm: Spectral moduldarity maximization: two-way parition

Input: adjacency matrix A

Output: class indicator vector s
compute k = deg(A);

compute B =A — L kk';

solve for maximal eigenvector Bx = Ax;

set s = sign(Xmax)
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Example

largest eigenvector

ev

vertex
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Example

Modularity

mscore

o{1:34)
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Cluster density

Graph density: p = 0.139
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Multilevel spectral

%4

¥
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Multilevel spectral
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