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Two-Electron State in a Disordered 2D Island: Pairing Caused by the Coulomb Repulsion
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We show the existence of bound two-electron states in an almost depleted two-dimensional island.
These two-electron states are carried by special compact configurations of four single-electron levels.
The existence of these states does not require phonon mediation, and is facilitated by the disorder-
induced potential relief and by the electron-electrepulsiononly. The density of two-electron states
is estimated and their evolution with the magnetic field is discussed. [S0031-9007(96)00822-8]

PACS numbers: 73.20.Dx, 73.40.Gk, 73.40.Sx

In a recent experiment [1,2] the tunneling of electronsthat the physical mechanism which could resolve this
from a semimetallic electrode into the localized stategparadox is the polaronic effect [3]. Their conjecture was
(LS’s) in a quantum well was studied. By using the further developed in [4], where the two-electron state in
electron beam lithography, a dot with a diameter asa hybrid hydrogenic-parabolic potential in the presence
small as1 um was formed. The small size of the dot of electron-phonon interaction was considered. The pair-
enabled the authors to detect the individual tunneling actdinding condition used in [4] implicitly assumed that the
These acts manifested themselves as narrow peaks in theo electrons share the same lattice deformation, which
differential capacitance measured as a function of the biagads to the enhancement of the polaronic effect. In fact,
applied across the structure. To introduce the LS’s in theéhe polaronic shift per electron in the paired state used
GaAs quantum well the neighboring AlGaAs region wasin [4] is twice the shift for a single localized electron.
doped with Si donors. Under this assumption bound two-electron states were

The authors identified the origin of LS’s by studying found even at weak electron-phonon interaction, provided
the evolution of the peak positions with magnetic field,that the distance between the hydrogenlike impurity and
B, perpendicular to the well. They associated the peakthe center of the parabolic potential is larger thar,
with electronic states of essentially two types: (i) Groundwhereaqy is the radius of the hydrogenic state. For such
state in the cylindrically symmetric parabolic potential; distances the enhanced polaronic shift overweighs the
the B dependence of the corresponding peaks abov€oulomb repulsion. However, we find the underlying
certainB approached the one for the lowest Landau levelassumption hard to justify. Indeed, the spatial scale of
Such a parabolic confinement presumably results from ththe polaronic deformation coincides with the size of a
fluctuations in the concentration of donors in the barriersingle-electron state [5]; two distant electrons do not share
(ii) Bound state of an electron at a Si donor which couldthe same deformation, and, therefore, the corresponding
migrate into the well during the growth. For these statesnhancement of the polaron shift is suppressed.
the increase of the energy with was much slower than In the present paper we demonstrate that the double
for the group (i). peaks observed in [1] can be explained without in-

There is a puzzling feature in the data reported in [1]:voking the electron-phonon interactions. Our expla-
few of the peaks observed were twice as high as isolatedation is based exclusively on electrostatics. We
one-electron peaks. This suggests that two electromsssume that the electrons are strongly localized and
tunnel into the well at the same voltage applied. Byneglect the overlap of their wave functions and, corre-
tracing the B dependences of these peaks the authorspondingly, the exchange interaction. On the other hand,
have ruled out the possibility that they reflect accidentathe modification of the Coulomb interaction between
degeneracies in the energy positions of LS’s in soméocalized electrons due to the presence of an electrode
distant minima. All double peaks retained their heightplays an important role in our picture. We show that, in
within a certain range oB and then split into doublets contrast to [4], the objects responsible for two-electron
at some critical value of the magnetic field. Such atunneling are the compact groups of LS’s and calculate
behavior indicates that both LS’s involved “feel” each the relative portion of the double peaks.
other and, thus, are located close in space. On the otherFirst of all, let us establish the general criterion for
hand, it is apparent that two close potential minima cannotwo-electron tunneling. Consider a cluster df LS'’s
accommodate two electrons at the same bias. Even if theccupied byn electrons. The distribution of electrons
energy levels are degenerate, tunneling of one electroover LS’s corresponds to theinimal possible energy
would elevate the level for the second electron, so that thevhich we denote asEy. The position of the Fermi
subsequent tunneling will occur at the bias larger by thdevel in the electrodeE}, at which an additional electron
energy of the Coulomb repulsion. The authors mentioneavill enter the cluster is determined from the condition
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Er + EN = EXY. If two electrons enter the cluster, the g3 — &, < —V,, which contradicts our assumption that
correspondlng position of the Fermi leval#, satisfies the energies are ordered. Thus, the only remaining option
the relation2E> + EX = EX™2. Double peak occurs if is that from two candidates fdz; the second one has the

E+ < Ep. This leads us to the following criterion: lower energy. The corresponding condition for this can
ENY? 4 EN < 2B, (1) be written as
Obviously condition (1) cannot be satisfied M = 2. g4 — g1 <2(Vy — V). 4

Formally, if we denote the energies of two LS'ssggsand
&, SO thate; < &, thenEs = &, andE3 = &, + &, +
V12, V12 being the interaction energy of two electrons oc-
cupying the first and the second LS’s. We see fifat>
2E, —the inequality opposite to (1). (84 — &2) + (&3 — &1) <2V; — 3V, (5)
Now we will prove that forN = 3 the occurrence of
a double peak is also forbidden by Eq. (1). By analogy (€4 = €2) = (&3 = &) < = V2. (6)
to the consideration above, the case= 0 is obvious for Upon summation of these two inequalities we get
any N since a single electron on a cluster will occupy
the LS with the lowest energy level, so that the condition g4~ 82 < V1 — 2V2. ()
(1) is violated even without the Coulomb repulsion. On the other hand, we have assumed that €,. Then
Thus the only case to be considerednis= 1. Let us the principal requirement for a double peak to occur
again order the energies of LS's; < &; < &3. Then reduces toV; > 2V,. If this requirement is met, the
Ey=¢, and Ei=¢g +e +e+ Vip+ Vis+  inequalities (5) and (6) are consistent. This is illustrated
V3. Now there are three candidates f&§ in accordance in Fig. 1 where the graphical solution of the system (5)
with three variants of occupation d¥ = 3 cluster by and (6) is shown. In principle, one should also check
two electrons. It is important that3 is the minimal of  that the energies of LS'’s, satisfying the system, satisfy the
these three energies. This means that if the double pealondition (4) as well. Note, however, that the condition
is possible, the condition (1) should be met when we sub(5) is stronger than (4), so that the latter is automatically
stitute for E7 eachof these energles Let us choose two
of the three candidates fdf3, namely,e; + &, + Vi
ande; + &3 + Vi3, which correspond to the occupation (a)
of the first and second and the first and third LS’s,
respectively. Substituting them into the right-hand side
of Eqg. (1), we get the following system of inequalities:

g3 — e < Vip — Viz — Vo3, (2)

g —&3< Vi3 — Vo — Va3 3)

We see that sinc&,; > 0 the conditions (2) and (3) are
inconsistent and, hence, the clusters of three LS’s cannot
provide double peaks.

Let us turn to the cas®& = 4. Because the number
of variants increases dramatically in this case we will
restrict our search. Namely, we will assume that the first
LS with the lowest energy; is located in the center
of an equilateral triangle while the other three LS’s with
energiess, < g3 < g4 are located in the vertexes. Then (b)
the energy of repulsion takes only two valuég, and
Vz (see Fig. 1). The first electron enters the system at
E} = Ej = ¢,. It is easy to see that there are only AN
two energies competing ch4, which aree; + e, + V3 N
and e, + &3 + V,. All the other two-electron states AN
have higher energies. Similarly, we conclude that there N
are only two candidates foEi. They aree; + & + V1' 2 Vz }
g3 +2Vy + Vo ande, + &3 + g4 + 3V,. Let us again %
assumen = 1 in the condition (1). Then, according to
the general proc}edure, one should choose the lowest of V. 2V-3V, &;-&,
two values forEq and check condition (1) with both FIG. 1. Cluster of four LS’'s providing a double peak (a).

. 2 . . .
C%ﬂdldates forEy. If we P2|Ck the first candidate for Graphical solution of the system (5) and (6). Dashed is the
Ej ande; + &, + Vi for EJ, this condition reduces to region within which this system is satisfied (b).

Now with Ei =gy + &3 + g4 + 3V, the system of
inequalities, resulting from (1) in a similar way as (2) and
(3), takes the form
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obeyed, as can readily be seen from the following chairthe other three LS’s. The advantage of the “hard core”

of relations: interaction is that the intergrations over coordinates and
ga — 81 < (84 — £2) + (g3 — &]) <2V, — 3V, energies are decoupled from each other. If we denote
with g the density of LS’s, then the expression fBrcan
<2(Vy — Va). (8)  be presented &8 = g3I,1,, wherel, andl, are the phase

Thus we have demonstrated that, within the restricted¢¢olumes in the energy and coordinate spaces, respectively,
geometry considered, double peaks can occur provided o o %
that vV, > 2V,. Obviously, the relation betweery; I = f dazf d83[ dey
andV, is opposite if the interaction between the localized a & &3
electrons is simply the Coulomb repulsion. Since the X OQU + &) + & — &3 — &4)
distance between the first and the second L§3gimes X 0(es + &3 — &1 — £4), (10)
smaller than the distance between the second and the
third LS (§ee Fig. 1) we have, = ﬁVZ. The situation I, = fdmf dr3[dr40(r23 — )0(ryy — d)
changes if a metallic electrode is placed at a distance

d from the plane of the localized electrons. Then the X 0(r3s — d)0(d — ri2)0(d — ri3)0(d — ri).
Coulomb interaction is modified to i (11)
e2< 1 1 > . . L
Vir)=—(— - ———). 9 The analytical evaluation of the first integral results
(}’)  \ m ( ) y g

in I, = U*/3. The integrall, is obviously proportional
The modified interaction falls off ak/r3, and we indeed to 4°; the numerical factor was found using the Monte
haveV; > 2V, as soon as the distance between the firsCarlo procedure. Finally, we obtal® = 0.611(gUd?).
and the second LS’s excee@l83d. We see that the portion of double peaks is governed
If the system (5) and (6) is satisfied, the evolutionby the dimensionless parametgi/d> which is the ratio
of the occupation of the cluster with increasing the gateof the interaction energy and the mean level spacing
voltage (Fermi level positiorEr) would be as follows. within the size of the “core.”
For Er < g all four LS’s are empty. AtEr = g; the It is apparent that for the realistic interaction (9) the
first LS in the center of the triangle gets occupied. B&s  estimate for? emerges if one substitutes for the value
reaches the valuEr = (e; + &3 + &4 + 3V, — £1)/2 e?/kd—the Coulomb interaction at distanee This
an electron from the center moves to one of the vertexegivesP ~ (ge?d/«x)3. To find the numerical coefficient,
and two electrons arrive from the electrode and occupyhe Monte Carlo integration over the nine-dimensional
two other vertexes. Finally & = &, + 3V, the LSin  space (6 coordinates and 3 energies) was performed using
the center gets occupied again. the program published in [6]. The program generated a
After realizing that double peaks are possible in prin-random set of dimensionless (in the unitsd(ﬁndezz/xd)
ciple, we turn to the question: how frequent are theyzoordinates and energies, calculated the valije&€;, E3,
One could argue that double peaks are allowed only foand then checked condition (1). The numerical factor
extremely rare configurations that do not really occur in aobtained ig(5.1 += 0.1) X 1072,
finite-size sample. To answer this question we calculate The calculation ofg poses a separate problem. One
the probability that in a cluster of four LS’s the energiesapproach to estimatg is to assume that the random
and distances between LS’s are arranged in such a wapotential just smears the edge of the band density of states
that the two-electron tunneling becomes possible after the, = m /7 /i%. Then for energies not very deep in the tail,
cluster is singly occupied. We start from the observatioryg is still of the order ofg,. The productgge®d/x can be
that the previous consideration for restricted geometryewritten asi/mag, whereay = h*k/me? is the effective
becomes general if, instead of (9), we assume the mod@&ohr radius. It may seem that, df is large enough, this
“hard core” interaction between the LS'8(r) = U for  product could be much larger than 1. However, this is
r <dandV(r) = 0for r > d. Itisimportant that the not the case, since with increasiafythe interaction of
interaction takes only two valued’7 and zero. Then the occupied LS’s becomes important. This leads to the
the above analysis for the equilateral triangle applies iEuppression of the density of states in the vicinity of the
the distancesy;;, between the LS’s satisfy the following Fermi level (Coulomb gap [7,8]). For the interaction (9)
requirements:ry, ri3, rie < d and ra3, 134,124 > d. If  the energy dependence gfwas studied both analytically
these requirements are met, the conditions for the doublg9] and by computer simulations [10]. It was shown that
peak formation are given by Egs. (5) and (6) with = g(s) = 0.085(d/ke?) + (2/m) (k*|le — EFr|/e*). In our
U and V, = 0. It can be verified directly that for problem the relevant energy scalelis— Ep| ~ e?/xd
all other configurations of four LS’s double peaks areso thatge?d/« is of the order of 1. In view of the
forbidden. Then the calculation of the probabilitf,, = ambiguity in g, our calculation can be considered only
of the occurrence of a double peak can be performed ias an estimate showing th& is not small. Indeed,
the following way: we fix the position and the energy the only small parameter ir? is the numerical factor
of the first LS and find the allowed phase volume for0.051. This factor is, in fact, surprisingly large, taking
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into account that it emerged as a result of the nineshifts upwards withB. This leads to the depletion of
fold integration. the “tail” of the density of states. The depletion, in turn,
We have addressed only the energy aspects of th&uppresses the number of the double-peak configurations.
double-peak formation. There is also a question abouExperimentally, however, the LS’s have different origins,
the dynamics of the process. Suppose that the occupati@nd their rates of energy shifts with are widely spread.
of a single-electron state requires a timgr is inverse In this situation any certain prediction on the evolution of
proportional to the probability of tunneling). For a two- the number of the double peaks wighis impossible.
electron state with a binding enerdy it can be shown In conclusion, we have demonstrated that double
that this time increases dramatically and becomes of thpeaks in the differential capacitance may result from
order of r2W /h. The reason for the enhancement is thatthe interaction-induced correlations in the occupation
two electrons cannot tunnel sequentially because of theumbers of LS’s within a cluster. A more conventional
energy restrictions. However, if the temperatifeis consequence of these correlations is that addimg
finite, the sequential tunneling becomes possible due telectron to the cluster might cause a redistribution of
the smearing of the Fermi distribution in the electrode.neighboring electrons over the LS’s in order to reduce the
Assume for simplicity that both single-electron energies intotal energy. This process is similar to the formation of
a two-electron state are the same. Then the time requiresl polaron by a lattice surrounding an LS. Note that such
for the sequential occupation of the two-electron state is purely electronic “polaron” was studied intensively by
equal tor exp(W/2T). This time is shorter tham>W /i Efros and Shklovskii and by Pollak and Ortufio (see, e.g.,
if T >W/2In(Wr/h). the reviews [7,8]) in connection with the density of states
Finally, let us discuss the magnetic field dependencand inelastic transport in the Coulomb glass. Making a
of the double peaks. Note that conditions (5) and (6)ink to these works, our main result can be reformulated as
(formation of a double peak) require the energies offollows: for interactions which fall off steeply enough with
all four LS’s in the cluster to be rather close (roughly distance, the formation of an “electronipolarori’ in
speaking, they should lie within the interval of the ordercertain compact clusters of LS’s is energetically favorable.
of e?/kd). With increasingB each LS moves up in The authors are grateful to R. C. Ashoori for a valuable
energy. It is important that the rate of this motion iscomment. L. G. is grateful to E. |. Rashba for illuminating
different for different LS’s. This is obvious if some of discussion on the deformation fields of a polaron. M.R.
the LS’s originate from donors, located in the well, while acknowledges the discussions with A.L. Efros and F.G.
others represent the size quantization levels in the later#likus at the initial stage of the work. The work at the
fluctuations of the random potential [1,4]. Since the rateUniversity of Minnesota was supported by NSF Grant
for donors is much slower, condition (1), met&t= 0, No. DMR-9423244.
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